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ABSTRACT 
Claasen and Goldbach introduced a class of finite rings with a field-like property. In this paper 
we show that it coincides with the class of finite Frobenius rings. 
In their investigation of cyclotomic schemes over finite rings, Claasen and 
Goldbach [2] studied a property of finite rings. They introduced the notion of 
left or right admissible rings and asked whether a left admissible ring is right 
admissible. As a special case of this question, they also asked whether there 
exists a finite local ring with one minimal right ideal but with more than one 
minimal left ideal. In relation to this question, recently Goldbach and Claasen 
[4] classified the indecomposable finite rings of order p k, for prime p and k 2 4. 
In this paper, we answer the above questions. 
Throughout this paper, R denotes an associative ring with identity. The ad- 
ditive group of the ring R is denoted by R+. The Jacobson radical of R is de- 
noted by Rad(R). For an R-module M, Sot(M) denotes the socle of M and 
c(M) denotes the composition length of M. 
Let G be an abelian group of finite order. A character of G is a function x : 
G - C such that 
1. x(g + h) = x(g)x(h) for all g, h E G, 
2. x(g) # 0 for some g E G. 
For any character x of the additive group R+ of the finite ring R, we define 
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for a E R the following characters: (‘)x by @)x(x) = x(ax) for all x E R+ and 
X(~) by X@)(X) = I for all x E R+. 
Definition 1. Let x be any character of Rf. Let 0: be the subgroup of the 
character group R of R+ defined by 0; = {‘“‘x ) a E R}. 
We say x is Ieft admissible if 0; = 0; the notation of right admissible char- 
acter is defined analogously. A finite ring R which has at least one left ad- 
missible character will be called a left admissible ring; in the same way a right 
admissible ring is defined. A finite ring R that is both left and right admissible 
will be called an admissible ring. 
We remark that in the definition of a left admissible ring R, Claasen and 
Goldbach [2] did not assume the existence of identity in R. However, in [2, 
Theorem 3.51, they proved that any left admissible ring has an identity. 
We also need the following definition. 
Definition 2 ([6, Definition 13.2.21). A left and right artinian and left and right 
self-injective ring is called a quasi-Frobenius ring. A ring R is called a 
Frobenius ring if it is quasi-Frobenius and we have SOC(RR) E (R/Rad(R)), 
and SOC(RR) 2 R(R/Rad(R)). 
Now we consider the following questions posed by Claasen and Goldbach 
PI. 
Question 1. Do there exist local rings with one minimal right ideal but with 
more than one minimal left ideal? 
Question 2. Do there exist rings which are left but not right admissible? 
The answer of Question 2 is negative. We shall prove the following 
Theorem 1. Let R be afinite ring. Then the following statements are equivalent: 
1. R is left admissible. 
2. R is right admissible. 
3. R is a Frobenius ring. 
Combining Theorem 1 with [2, Lemma 6.41, we can negatively answer Ques- 
tion 1 for finite local rings as follows: 
Corollary 1. Let R be a finite local ring with identity. Then R has exactly one 
minimal right ideal if and only tfR has exactly one minimal left ideal. 
However, in Example 1, we shall give an example of an artinian local ring 
with one minimal right ideal but with more than one minimal left ideal. Finally 
we shall generalize Corollary 1 and prove the following 
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Theorem 2. Let R be a right artinian local ring with identity which is afkitely 
generatedmodule over its center. Then R has exactly one minimal right ideal if and 
on1.y if R has exactly one minimal left ideal. 
To prove Theorem 1, we need two lemmas. First we note that the character 
group fl of R+ becomes an R-R-bimodule. Let a E R and let x E R. If we define 
x a = (a)~, then 0 becomes a right R-module. Similarly we can consider R as a 
left R-module, and hence R becomes an R-R-bimodule. 
Let C be a commutative artinian ring. A ring A is called an artin algebra over 
C if it is finitely generated as a module over C. 
Lemma 1 ([l, Proposition 11.4.61). Let A be an artin algebra over a commutative 
artinian ring C. Let A be a semisimple right A-module and let P + A he aprojec- 
tive cover for A in mod-A. Let S1, . , S,, be a set of representatives of the simple 
C-modules. Let I(Si) be an injective envelope of Si and let J = @yEI I(S;). Then 
D(P*) = Hom&Iom,l(PA, A,$ J) IS an injective envelope of A,l. 
Lemma 2. Let R be afinite ring with identity. Then f2 is isomorphic to an irzjective 
envelope oj’R/Rad(R) as a right or left R-module. 
Proof. Let C ’ denote the multiplicative group of non-zero complex numbers. 
Since R is a finite ring, there is a natural number n such that nR = 0. Then R is 
an algebra over Z/nZ. Let x : R+ + C be a character of R’ and let r E R. 
Then x(p)” = x(nr) = x(O) = 1. Hence we obtain Im(x) C (a E C” 1 u” = I }. 
We can easily see that R N Homz(R, C “) as abelian groups. Since Im( x) C 
{atCX~a”=1}forall~~~andsincethesubgroup{a~CX~a”=1}ofC” 
is isomorphic to Z/nZ, we see that Homz(R, C “) g Homz,&R, Z/nZ). 
Since R is an R-R-bimodule, Homzl,z(R,Z/nZ) can be regarded as an R-R- 
bimodule by the usual manner. Then we conclude that R E Homzjnz(R, Z/nZ) 
as R-R-bimodules. It is easy to see that Z/nZ is a commutative Frobenius ring. 
Hence J for the commutative artinian ring Z/nZ in Lemma 1 is Z/nZ itself. 
Obviously the natural map R -+ R/Rad(R) is the projective cover of the semi- 
simple module R/Rad(R). We shall determine the D(R*) in Lemma I. Since 
R* = HomR(RR, RR) ” RR, we have D(R’) = HomZ,&R,Z/nZ) ? R. Now 
applying Lemma 1 for A = R, A = R/Rad(R) and P = R, we conclude that J2 is 
isomorphic to an injective envelope of R/Rad( R). 0 
Now we can prove Theorem 1 
Proof of Theorem 1. (1) + (3). Obviously R is left admissible if and only if R 
is a cyclic right R-module. However is is well known that the abelian group R is 
isomorphic to R+ (see e.g. [5, p. 2811). Hence R and 0 have the same number of 
elements. Therefore R is left admissible if and only if 0 is isomorphic to R as a 
right R-module. By Lemma 2, SOC(RR) E R/Rad(R) and R is right self-in- 
jective. Hence R is a Frobenius ring by [6, Theorem 13.2.1 and Corollary 13.4.31. 
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(3) + (1). Suppose that R is a Frobenius ring. Since R is right self-injective 
and since SOC(RR) g R/Rad(R), R R is isomorphic to the injective envelope of 
R/Rad(R),. H ence, by Lemma 2 we have RR g R. This implies that R is left 
admissible. 
Similarly we can show that (2) ti (3). q 
Since any finite semisimple ring is a Frobenius ring, we again obtain 
Corollary 2 ([2, Theorem 5.31). Anyfinite semisimple ring R is admissible. 
It is well known that the group algebra of a finite group over a field is a 
Frobenius algebra. Hence we also have the following 
Corollary 3. Let fJ be a$niteJield and let G be a$nite group. Then the group ring 
F[G] of G over F is admissible. 
Next we consider Question 1. We give an example of an artinian local ring 
with one minimal right ideal but with more than one minimal left ideal. 
Example 1. Consider the rational function field K(X) over a field K. It is easily 
seen that K(x) is isomorphic to the subfield K(x2) by the homomorphism 0 : 
K(x) -+ K(x2) defined by a(f(x)) =f(x2). Consider the subring 
of the ring M*(K(x)) of 2 by 2 matrices over K(x). The center Z(R) of R is 
and so R is not a finitely generated Z(R)-module. Evidently c(RR) = 2 Since 
dim,(+ K(x) = 2, c(RR) = 3, and hence R is right and left artinian. Obviously 
is the unique minimal right ideal of R. However 
(K!4 i)(K;z) 0) 
and ( K(i2)x :) 
are two distinct minimal left ideals. 
Finally we prove Theorem 2. 
Proof of Theorem 2. Let 2 denote the center of R. Since R is a right artinian 
local ring, Z is also an artinian local ring. Since R is a finitely generated module 
over Z, we have c(Rz) < CO. Since R is a local ring, any simple R-module 
is isomorphic to R/Rad(R). Similarly, any simple Z-module is isomorphic 
to Z/Rad(Z). Then c(Rz) = c(RR)c(R/Rad(R),) = c(RR)c(R/Rad(R),). 
Hence we obtain c(RR) = c(RR) and R is also left artinian. Suppose that 
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R has exactly one minimal right ideal. Let SR be a simple right R-module. 
Then HomR(SR, RR) = HomR(SR, SOC(RR)) N EndR(R/Rad(R)) G R/Rad(R). 
Hence HomR(SR, RR) is a simple left R-module. Since c(RR) = I. R is a 
quasi-Frobenius ring by [3, Lemma 2.11. Then, by [6, Theorem 13.4.21, Soc(~Rj 
is simple, that is, R has exactly one minimal left ideal. This completes the 
proof. 0 
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